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Abstract
In the paper, [R.G. Cai, S.P. Kim, JHEP 0502 (2005) 050, hep-th/0501055], it is shown that by applying the first law of thermodynamics to
the apparent horizon of an FRW universe and assuming the geometric entropy given by a quarter of the apparent horizon area, one can derive
the Friedmann equations describing the dynamics of the universe with any spatial curvature; using the entropy formula for the static spherically
symmetric black holes in Gauss–Bonnet gravity and in more general Lovelock gravity, where the entropy is not proportional to the horizon area,
one can also obtain the corresponding Friedmann equations in each gravity. In this Letter we extend the study of the above mentioned paper to the
cases of scalar–tensor gravity and f (R) gravity, and discuss the implication of results.
 2006 Elsevier B.V. Open access under CC BY license.Since the discovery of black hole thermodynamics in 1970s,
physicists have been speculating that there should be some
relationship between thermodynamics and Einstein equations
because the horizon area (geometric quantity) of black hole is
associated with its entropy (thermodynamical quantity), the sur-
face gravity (geometric quantity) is related with its temperature
(thermodynamical quantity) in black hole thermodynamics [1],
and these quantities satisfy the first law of thermodynamics. In
1995, Jacobson [2] was indeed able to derive Einstein equations
by applying the first law of thermodynamics δQ = T dS to-
gether with proportionality of entropy to the horizon area of the
black hole. He assumed that this relation holds for all Rindler
causal horizons through each spacetime point with δQ and T
interpreted as the energy flux and Unruh temperature seen by an
accelerated observer just inside the horizon. On the other hand,
Verlinde [3] found that for a radiation dominated Friedmann–
Robertson–Walker (FRW) universe, the Friedmann equation
can be rewritten in the same form as the Cardy–Verlinde for-
mula, the latter is an entropy formula for a conformal field
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Open access under CC BY license.theory in a higher-dimensional spacetime. Note that the radi-
ation can be described by a conformal field theory. Therefore,
the entropy formula describing the thermodynamics of radia-
tion in the universe has the same form as that of the Friedmann
equation, which describes the dynamics of spacetime. In par-
ticular, when the so-called Hubble entropy bound is saturated,
these two equations coincide with each other (for a more or
less complete list of references on this topic see, for example,
[4]). Therefore, Verlinde’s observation further indicates some
relation between thermodynamics and Einstein equations. For
related discussions on the relation between thermodynamics
and Einstein equations see also [5].
Frolov and Kofman in [6] employed the approach proposed
by Jacobson [2] to a quasi-de Sitter geometry of inflationary
universe, where they calculated the energy flux of a background
slow-roll scalar field (inflaton) through the quasi-de Sitter ap-
parent horizon and used the first law of thermodynamics
(1)−dE = T dS,
where dE is the amount of the energy flow through the apparent
horizon. Although the topology of the local Rindler horizon in
Ref. [2] is quite different from that of the quasi-de Sitter appar-
ent horizon considered in Ref. [6], it was found that this ther-
modynamic relation reproduces one of the Friedmann equations
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that
(2)T = H
2π
, S = π
GH 2
,
where H is a slowly varying Hubble parameter. Danielsson in
[7] obtained the Friedmann equations, by applying the relation
δQ = T dS to a cosmological horizon and by calculating the
heat flow through the horizon in an expanding universe in an
acceleration phase and assuming the same form for the tem-
perature and entropy of the cosmological horizon as those in
Eq. (2). Furthermore, Bousso [8] recently considered thermo-
dynamics in the Q-space (quintessence dominated spacetime).
Because the equation of state of quintessence is in the range
of −1 < ω < −1/3, the universe undergoes an accelerated ex-
pansion, and thus the cosmological event horizon exists in the
Q-space. However, Bousso argued that a thermodynamic de-
scription of the horizon is approximately valid and thus it would
not matter much whether one uses the apparent horizon or the
event horizon. Indeed, for the Q-space, the apparent horizon ra-
dius RA differs from the event horizon radius RE only by a
small quantity: RA/RE = 1 − , where  = 3(ω + 1)/2. Using
the relations
(3)T = 1
2πRA
, S = πR
2
A
G
,
Bousso showed that the first law (1) of thermodynamics holds
at the apparent horizon of the Q-space. While these authors [6–
8] dealt with different aspects of the relation between the first
law of thermodynamics and Friedmann equations, they consid-
ered only a flat FRW universe. On the other hand, in modern
cosmology, there are several different concepts of horizons:
particle horizon, Hubble horizon, event horizon and apparent
horizon. In a previous paper one of present authors and Kim
[9] clarified some subtleties in deriving the Friedmann equa-
tions from the first law of thermodynamics and have argued
that this exactly holds only for apparent horizon in the FRW
universe. They were able to derive the Friedmann equations of
an (n + 1)-dimensional FRW universe with any spatial curva-
ture by applying the first law of thermodynamics to the apparent
horizon. Also by employing the entropy formula of static spher-
ically symmetric black holes in Gauss–Bonnet gravity and in
more general Lovelock gravity, they obtained the correspond-
ing Friedmann equations in each gravity. Note that in these
higher order derivative gravitational theories, the entropy of
black holes does not obey the area formula. For the related dis-
cussion see [10,11].
So it is obviously of great interest to see whether the above
method is valid in general, or to what extent one can derive the
Friedmann equations in a certain gravitational theory, given the
relation between the entropy and horizon area of black holes
in that theory. For this purpose, in this Letter we generalize
the work in hep-th/0501055 to the scalar–tensor gravity and
f (R) gravity and want to know whether the method developed
in [6–9] holds or not in these two gravitational theories. Note
that on the one hand, in these two theories black hole entropy
does not obey the area formula of horizon; one the other hand,there are new degrees of freedom in these two theories, (In the
scalar–tensor gravity, there is an additional scalar field mediat-
ing the gravitational interaction; for the f (R) gravity, there are
more than second-order derivatives with respect to metric in the
equations of motion.)
Let us start with the (n+1)-dimensional FRW universe with
metric
(4)ds2 = −dt2 + a2(t)γij dxi dxj ,
where the n-dimensional spatial hypersurface with negative,
zero or positive curvature is parameterized by k = −1,0 and 1,
respectively and the metric γij are given by
(5)γij = dr
2
1 − kr2 + r
2 dΩ2n−1.
Here dΩ2n−1 is the metric of an (n−1)-dimensional sphere with
unit radius. If Rij is the Ricci tensor given by the metric γij ,
one has Rij = (n− 1)kγij . The Lagrangian of the scalar–tensor
gravity can be written as
(6)L = f (φ)R
16πG
− 1
2
gµν∂µφ∂νφ − V (φ) + Lm,
where R is the Ricci curvature scalar of the spacetime, φ is the
scalar field, f (φ) is an arbitrary function of the scalar field φ,
and Lm represents the Lagrangian for matter fields in the uni-
verse. Varying the action Eq. (6) with respect to the two dynam-
ical variables gµν and φ yields the field equations
Gµν = 8πG
f (φ)
(
∂µφ∂νφ − 12gµν(∂φ)
2 − gµνV (φ) − gµν∇2f
(7)+ ∇µ∇νf + T mµν
)
,
and
(8)∇2φ − V ′(φ) + 1
2
f ′(φ)R = 0,
where Gµν is the Einstein tensor and T mµν is the energy–
momentum tensor of the matter fields. Assume that T mµν has the
form of the energy–momentum tensor of a perfect fluid
(9)T mµν = (ρ + p)UµUν + pgµν,
where Uµ is the four velocity of the fluid, ρ and p are the en-
ergy density and the pressure of the fluid, respectively. Note that
Eq. (7) can also be written as
(10)Gµν = 8πGT˜µν = 8πG
f (φ)
(
T mµν + T φµν
)
.
Solving Eq. (10) for time–time and space–space components
one gets the Friedmann equations
(11)H 2 + k
a2
= 16πG
n(n − 1)f
(
φ˙2
2
+ V (φ) − nHf˙ + ρ
)
,
(12)H˙ − k
a2
= − 8πG
(n − 1)f
(
φ˙2 + f¨ − Hf˙ + ρ + p),
where the dots represent derivatives with respect to the cosmic
time t , H denotes the Hubble parameter, H = a˙/a.
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(13)ds2 = hab dxa dxb + r˜2 dΩ2n−1,
where r˜ = a(t)r and x0 = t , x1 = r and the two-dimensional
metric hab = diag(−1,1/(1 − kr2)). The dynamical apparent
horizon is determined by the relation hab∂ar˜∂br˜ = 0, which
yields [12]
(14)r˜A = 1/
√
H 2 + k/a2.
The apparent horizon has been argued to be a causal horizon
for a dynamical spacetime and is associated with gravitational
entropy and surface gravity [13]. Thus for our purpose, follow-
ing [9], we here apply the first law of thermodynamics to the
apparent horizon. We define the work density W [13]
(15)W = −(1/2)T abhab,
and the energy supply vector
(16)ψa = T ba ∂br˜ + W∂ar˜,
where Tab is the projection of the (n+ 1)-dimensional energy–
momentum tensor Tµν in FRW universe in the normal direction
of the (n − 1)-dimensional sphere. The work density at the ap-
parent horizon should be regarded as the work done by a change
of the apparent horizon, while the energy-supply on the horizon
is the total energy flow through the apparent horizon. Now ac-
cording to the thermodynamics the entropy is associated with
heat flow as δQ = T dS and the heat flow to the system is re-
lated to the change of the energy of the system. Thus the entropy
is finally associated with the energy supply term and the heat
flow δQ through the apparent horizon during infinitesimal time
interval, dt , is the amount of energy crossing the apparent hori-
zon during that time interval, i.e., δQ = −dE, is the change of
the energy inside the apparent horizon. For the perfect fluid we
find the energy supply vector
(17)ψa =
(
−1
2
(ρ + p)H r˜, 1
2
(ρ + p)a
)
.
Then the amount of energy crossing the apparent horizon during
dt , is given by
(18)−dE = −Aψ = A(ρ + p)H r˜A dt,
where A = nΩnr˜n−1A is the area of the apparent horizon and
Ωn = πn/2/(n/2 + 1). In this scalar–tensor gravity theory,
the entropy S of black holes has the form [14]
(19)S = f (φ)A
4G
∣∣∣∣
horizon
,
where A is the horizon area of black holes in the scalar–tensor
theory. Starting from the entropy (19) and assuming that the
apparent horizon has the temperature as in [9]
(20)T = 1
2πr˜A
,
we are not able to derive the Friedmann equations for the
scalar–tensor gravity (4). However if we still take ansatz, T =
1/2πr˜A and S = A/4G, regard T˜µν = (T mµν +T φµν)/f (φ) as theeffective energy–momentum tensor of the matters in the uni-
verse, and apply the first law of thermodynamics, −dE = T dS,
to the apparent horizon of the FRW universe in the scalar-field
gravity, we can obtain
(21)H˙ − k
a2
= − 8πG
(n − 1)f
(
φ˙2 + f¨ − Hf˙ + ρ + p).
This is nothing but one of the Friedmann equations describing
an (n + 1)-dimensional FRW universe with any spatial curva-
ture in the scalar–tensor gravity. The continuity equation for the
effective perfect fluid in the scalar–tensor gravity is
(22)˙˜ρ + nH(ρ˜ + p˜) = 0,
where we have defined the energy density ρ˜ and pressure p˜ in
the scalar–tensor gravity
(23)ρ˜ =
(
φ˙2
2
+ V − nHf˙ + ρ
)/
f,
and
(24)p˜ =
(
φ˙2
2
− V + (n − 1)H f˙ + f¨ + p
)/
f,
respectively. Using Eqs. (22), (23) and (24) into Eq. (21) and
integrating the resulting equation we finally get
(25)H 2 + k
a2
= 16πG
n(n − 1)f
(
φ˙2
2
+ V (φ) − nHf˙ + ρ
)
.
This is another Friedmann equations (11) in the scalar–tensor
gravity. Note that here we have set the integration constant be
zero. Thus we have derived the Friedmann equations of FRW
universe in the scalar–tensor gravity.
Now we turn to the so-called f (R) theory. Here f (R) is
a function of the curvature scalar R. The f (R) gravity is a
non-linear gravitational theory or higher order derivative gravi-
tational theory since its equations of motion contain more than
second-order derivatives of metric. The Hilbert–Einstein action
of an (n+ 1)-dimensional f (R) gravity in the presence of mat-
ters can be written as
(26)S =
∫
dn+1x
√−g
(
f (R)
16πG
+ Lm
)
.
The variational principle gives equations of motion
(27)Gµν = 8πGT˜µν = 8πG
(
1
f ′
T mµν +
1
8πG
T curvµν
)
,
where T mµν and T curvµν are given by
(28)T mµν = (ρ + p)UµUν + pgµν,
and
T curvµν =
1
f ′(R)
(
gµν
(
f (R) − Rf ′(R))/2 + ∇µ∇νf ′(R)
(29)− gµν∇2f ′(R)
)
,
respectively. We define T totalµν as
(30)T totalµν =
1
f ′
T mµν +
1
8πG
T curvµν ,
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(31)ρtotal = 1
f ′
ρm + 18πGρcurv,
(32)ptotal = 1
f ′
pm + 18πGpcurv.
Here ρcurv and pcurv are given by
(33)ρcurv = 1
f ′
(−(f − Rf ′)/2 − nHf ′′R˙),
(34)
pcurv = 1
f ′
(
(f − Rf ′)/2 + f ′′R¨ + f ′′′R˙2 + n(n − 1)f ′′R˙),
in the FRW universe. Solving Eqs. (27) in the FRW universe
(4), we get
(35)H 2 + k
a2
= 16πG
n(n − 1)
(
ρm
f ′
+ ρcurv
8πG
)
,
and
(36)H˙ − k
a2
= −8πG
n − 1 (ρtotal + ptotal).
These are two Friedmann equations for the f (R) gravity [15].
In this gravity theory the black hole entropy has a relation to
its horizon area [16]
(37)S = Af
′(R)
4G
∣∣∣∣
horizon
,
where A is the horizon area of black holes in the f (R) theory.
Using the entropy formula (37) and the ansatz for the tem-
perature (20) for the apparent horizon, and applying the first
law (1) to the apparent horizon, we fail to reproduce corre-
sponding Friedmann equations in the f (R) gravity. However,
if we take T˜µν as the effective energy–momentum tensor of
matters in the f (R) gravity and still use the ansatz S = A/4G
and T = 1/2πrA, we can successfully derive the corresponding
Friedmann equations (Eqs. (35) and (36)) for the f (R) gravity.
As conclusion, in hep-th/0501055, assuming the area for-
mula of black hole entropy in Einstein gravity and taking the
ansatz for the temperature (20) for apparent horizon, it was
shown that the Friedmann equations of the FRW universe can
be derived by applying the first law of thermodynamics to the
apparent horizon for an FRW universe with any spatial curva-
ture. Employing the entropy relation of black holes to horizon
area in Gauss–Bonnet gravity and in the more general Lovelock
gravity, one also can get the corresponding Friedmann equa-
tions in these two gravities. These results combining with those
in [6–8] manifestly demonstrate the gravitational holographic
properties: Einstein equations of gravity imply that the entropy
inside a causal horizon is proportional to its horizon area; on
the other hand, if assuming a relation between the entropy and
horizon area, one can obtain corresponding equations of motion
of gravitational field. By using the first law of thermodynamics,
whether can we always obtain corresponding Friedmann equa-
tions in any gravitational theory, given the geometric entropy
relation to the horizon in that gravitational theory? To see this,in this note we have shown that it does not naively hold: if we
take the entropy relation of black holes in the scalar–tensor the-
ory and f (R) theory, applying it to the apparent horizon, we
are not able to reproduce corresponding Friedmann equations
in these two theories. However, if we still take the area formula
of geometric entropy and regards some terms concerning the
scalar in the scalar–tensor theory and extra curvature terms in
the f (R) theory as effective matters, we have indeed obtained
corresponding Friedmann equations in the scalar–tensor gravity
and f (R) gravity. The reason of failure seems that due to the
new additional degrees of freedom in the scalar–tensor gravity
and f (R) gravity, the simplicity of the ansatz for the relation
between the entropy and horizon area is not enough to repro-
duce corresponding Friedmann equations in those theories, in
particular, that ansatz is not enough to contain the dynamical
information of new degrees of freedom. However, if we move
these new degrees of freedom to matters in Einstein gravity,
every things then work very well. Therefore our result is useful
to further understand the holographic properties of non-Einstein
gravity theories. In addition, by using entropy formulas (19)
and (37), it should be of much interest to study the general-
ized second law of thermodynamics of the FRW universe in the
scalar–tensor gravity and f (R) gravity.
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